This paper measures the size of the stock of intangible capital in Canada using newly released data on the market value of all securities in the economy. The approach taken relies on a quantitative application of the q-theory of investment to generate the quantity of capital owned by firms. I find that the intangible capital stock accounted for approximately 30% of overall capital since 1994. Of this, the R&D reported by national accounts makes up only 23%. These results imply that official Canadian statistics failed to account for 26% of the value of the capital stock in their 2005 quarterly data collection. In addition, I find that the magnitude of the intangible capital stock is comparable to that reported using a cost approach, confirming the size of the findings and ascertaining the need to include intangibles in empirical models and in investment data.
Introduction
Many firms devote resources to the production of capital goods that are not intended for commercialization but instead are kept in-house. Such capital goods include research and development expenditures, training expenses, brand equity and organizational change and development. For reasons explained below, this capital formation is not recorded in national income accounts. As a consequence, little is known about its overall size. Using newly released Canadian data, this paper is a first attempt to uncover the magnitude of this unrecorded capital stock in Canada.
The methodology followed is a quantitative application of the q-theory of investment.
The market value of all firms in the economy is given by the aggregate value of their net financial liabilities. Assuming that investors price securities rationally, the value of these liabilities can then be used to infer the overall stock of installed capital inside firms. From this inferred capital, I subtract that part which is recorded in national income accounts and back out the unrecorded capital stock. Baily (1981) pioneered this approach by empirically linking the value of securities to the stock of capital and Hall (2001) applied it using a qtheory of investment to infer the stock of capital in the U.S. economy. This paper applies Hall's approach to Canadian data.
What is this unrecorded capital made of? First, it is important to be clear about certain concepts. Capital formation is defined as the expenditure on inputs that will not be consumed by firms in the accounting period. Consumption by firms is the act of using up goods and services in the current period (United Nations (1998)). These "consumed" goods are known as intermediate inputs. Capital is then a produced good "that is used repeatedly or continuously in production over several accounting periods (more than one year)" (United Nations (1998)). A business expenditure that aims to acquire a capital good will be recorded by national income accounts as capital formation only if it is identifiable and if it involves the acquisition of a capital good from the market instead of being produced in-house.
1 The requirement of identification is met whenever national income accountants can classify the expenditure on the item under a well-defined category of products. On the other hand, the necessity to observe that the item was acquired from the marketplace ensures the existence of an accurate valuation of the good which is captured by the market price.
Given these two requirements and the definition of capital formation, all capital expenditures by firms which are either non-identifiable or are intended to produce a capital good in-house do not end up being recorded as capital formation. The convention in national income accounts is to treat this spending as intermediate consumption expenditure. Consequently, this practice lowers the value added of final produced output and understates the existing stock of capital in the economy.
Research and experimental development (R&D) expenditures offer a good illustration of the consequence of this convention. Even though national income accounts incorporate data on R&D spending, this expenditure is treated as an expense rather than an investment mainly because of the lack of a market price on the output of R&D activities 2 . Training expenses constitute a different example where no data is systematically collected by national income accounts since it is a difficult good to identify or classify.
Accountants distinguish two categories of capital goods: tangible and intangible. Tangible capital goods comprise a list of items that have a physical embodiment such as machines, tools and equipment. On the other hand, intangible capital goods are associated with items that have a knowledge or informational component such as patents, copyrights and brands.
Since most intangible capital is created in-house with the two characteristics of being difficult to identify and generally not acquired or sold on the market, most unrecorded capital is often assimilated to, or completely identified with, intangible capital. This needs not be the case but it points to natural candidates that would compose the stock of the unrecorded capital that this chapter identifies. Indeed, the unrecorded capital could, for example, include mismeasurement of the tangible capital stock. Therefore, equating the unrecorded capital stock with intangible capital is only an approximation. However, for the sake of exposition, the terms "unrecorded capital" and "intangible capital" will be used interchangeably throughout this text.
2 Some R&D spending leads to the creation of a patent which will carry a price if commercialized. However, the market for patents is extremely thin: very few patents change hands. For example, Serrano (2006) documents that only about 20% of all U.S. patents issued to small innovators (i.e., firms that were issued no more than five patents in a given year) are traded once or more.
Why care about these unrecorded intangible assets? In the last few years, there has been a growing perception among academics and policy-makers that a significant and increasing part of total business investment is directed towards intangible investment. Intangible investment is the expenditure on items which have a knowledge component, such as research and development, training, organizational change, marketing and software. To some researchers, this phenomenon is "what put the new in the new economy" (Nakamura, 1999), while others acknowledge that "although investment in intangible capital is not counted as capital investment in the national income and product accounts, they appear to be quantitatively important." (Bernanke, 2005) Unfortunately, the lack of systematic statistical information on intangible investment makes it difficult to directly substantiate this phenomenon, monitor its progress and assess its importance for growth. Moreover, the difficulty of defining intangibles, given their impalpable nature, contributes to an opacity of language and, consequently, to a lack of agreement on their precise size. Finally, researchers' various goals in measuring and using intangibles have led to diverse approaches in evaluating their magnitude, sometimes with conflicting results.
The current state of omission and mismeasurement of intangible capital has several implications. First, because spending on intangibles is not treated as investment, aggregate savings and investment may be significantly understated in official statistics. Monetary policymakers could be misled by such an imprecise picture of the economy in setting interest rates. Second, resource allocation and investment decisions within firms and across firms in a given industry become more difficult. Third, fiscal policy can be affected in various ways such as in the design of a fair tax system. Finally, the lack of good information on intangibles will lead to opaqueness and volatility in capital markets given the increased difficulty of estimating the future cash flows that some investments will generate.
Notwithstanding, preliminary estimates point to an average investment level in intangibles in the U.S. of 6% of GDP in the early 1990s. By the late 1990s, investments in intangible capital by U.S. businesses were argued to have been as large as investment in traditional, tangible capital (Corrado et al., 2005) . The picture in Canada is less clear. Baldwin et al. (2005) note that there are no reliable data in Canada that would give a complete account of expenditures on intangible capital.
As detailed below, such a state of affairs can be remedied by taking the indirect approach of Hall (2001) The paper is organized as follows: the next section reviews the related literature, section 3 introduces the model, section 4 describes the data, section 5 presents the empirical results, section 6 outlines the sensitivity analysis conducted to assess the robustness of the findings and section 7 concludes the paper.
Relationship to related literature
The literature review will focus on those papers that look at the economy as a whole, as opposed to only one segment, and that attempt to account for the sum of all types of intangible capital goods 3 .
At the root of most investigations into the level of intangible investment lies a dissatisfaction with the practice of national income accountants in treating expenses on intangibles as 3 There is a large literature in the field of Industrial Organization which aims at uncovering the size or the value of some of the components of the intangible capital stock. These papers typically use panel or survey data which cover short periods of time or just some portions of the economy. The focus of this research strand is on industry dynamics as exemplified by their focus on firms' entry, exit, mergers and the dynamic of life and growth of population of firms or plants. Two indicative studies are the papers of Atkeson and Kehoe (2006) for the U.S. and Baldwin and Gelatlly (2006) for Canada. The first paper focuses on the measurement of organizational capital for a panel of plants in the late 1980s and covers two years. The second paper investigates the expenditures of a set of Canadian firms on organizational change using survey data.
operating costs. Given that intangibles are assets, they should be capitalized because they are not entirely used up in the production of final output. In this way, they ought to be treated as investment instead of being expensed as intermediate consumption goods (Nakamura, 2003a and Corrado et al. 2005.) . Nakamura (1999) and Corrado et al. (2005) To the best of our knowledge, no studies to date have attempted to give a macroeconomic account of the overall stock of intangible capital in Canada.
Methodology

A quantitative approach to the q-theory
The model is a standard neoclassical model of investment as developed in Hayashi (1982) .
It ultimately relates the value of securities to the value of installed capital which then allows to back out the unobserved quantity of installed capital.
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There is perfect competition in input and output markets. The production function is homogeneous of degree one in capital, k, and labor, l, and is denoted by F (k, l). Firms buy capital from the market or produce it in-house. The problem of the firm is to choose the optimal level of labor and investment so as to maximize the net present value of future profits subject to the technology of investment accumulation, the starting level of capital and the non-feasibility of Ponzi schemes:
s.t.
where k stands for capital stock, x for investment, δ for the depreciation rate, l for labor, r for the real interest rate, w for the real wage rate and C(.) for the adjustment cost function.
The value function v t is the net present value at time t of future payout to securities' holders.
Indeed, after the firm pays inputs their due, the left over income is paid to owners. Their ownership materializes through the possession of titles in the form of securities. Hence, v t is also the value of the firm.
It is assumed that there is perfect substitutability between the recorded investment by national income accounts and the unrecorded investment i.e.,
Note that the unrecorded investment consists of the sum of both in-house produced capital goods (for example, training expenses that goes into producing human capital inside the firm) and the externally acquired capital goods. The latter are nevertheless expensed because of 4 The empirical performance of the q-theory of investment appears to be decent but not more (see Caballero (1999) for a survey). The belief here is that past tests of the theory suffered from specification problems by not taking into account the investment of firms in intangibles (Hall (2004) pp.914-915 provides a related discussion.) Moreover, the exercise in this paper is not intended to test the theory but instead to explore its quantitative implications.
the convention in national accounts of expensing all intangible capital goods (the purchase of a patent for example). Notice also that this approach is not intended to explain the reasons for the firm's choice to not commercialize the in-house produced capital good. As such, there is no inherent difference between a capital good bought from the market and a capital good produced in-house; perfect competition will ensure that they both have the same price.
The Lagrangian L at time t is given by (6) where q is the Lagrangian multiplier or the shadow price of an additional unit of capital.
The first order conditions are recasts the investment technology constraint.
Following Hayashi (1982) , the adjustment cost function is quadratic and displays constant returns to scale:
where α is the adjustment cost parameter. Its exact meaning will be explained below. Assuming s = t and substituting this cost function into the first order condition that described the equality of the q with the marginal cost of augmenting capital by one unit, we obtain the following equation:
This is known as the investment equation since it relates the behavior of investment to the shadow price of capital q t . Investment is positive when the lifetime return to increasing capital by one unit exceeds its price. This equation has limited empirical use since q t is by definition a shadow price and therefore, it is unobservable.
Hayashi (1982) showed that by combining all the first order conditions with the no-Ponzi scheme constraint, the value of the firm v t would be equal to the value of the installed capital k t q t . This finding combined with the first order condition of the equality of the q with the marginal cost of increasing capital by one unit results in a recursive system of the form:
This approach is introduced in Hall (2001). The system of two equations can be solved for the pair (k t , q t ) at each t given v t and k t−1 . To obtain an explicit solution, rewrite the investment equation as
Substituting the investment term x t by the capital accumulation expression and rearranging, we obtain the following quadratic equation:
Hall (2001) shows that a unique solution exists for a general convex cost function with constant returns to scale. This equilibrium is stable and is therefore not sensitive to initial conditions in the long-run. The positive root expresses the law of motion of the capital stock 5 :
All variables are observable and v t is a sufficient statistic to back out the stock of capital in the economy. k t is therefore the endogenous variable to be calculated at each point in 5 Since a capital stock is a positive quantity, the negative root is meaningless in this context. 
Empirical strategy
The parameters in the law of motion of the capital stock need to be specified. For the sake of comparison, the same parameters as those in Hall (2001) are used. These are also used by Eliades and Weeken (2004) . Section 6 analyzes the impact of specifying different ranges of parameters on the implied stock of capital k t and further discusses the rationale for the choice of certain parameter values.
In order to account for irreversibility in investment, it is assumed that the cost function is piece-wise quadratic :
where the adjustment-cost parameter α + (α − ) represents the time it takes for the capital stock to double (halve) when q doubles (halves). To see this, rewrite the investment equation
If q doubles permanently, say from one to two, it will initially cause the investment-capital ratio to increase by 1 α . For the investment-capital ratio to double, the increase in 1 α must be repeated for α periods. By allowing the downward adjustment-cost parameters to be higher than the upward adjustment-cost parameter, this asymmetry in the investment decision will reflect irreversibility of investment.
Hall (2001) cites the work of Shapiro (1986) to justify the choice of a doubling time parameter of 8 quarters. He also sets the downward adjustment-cost parameter to ten times higher than the upward adjustment-cost parameter. The depreciation rate of 2.6% per quarter is used by national income accounts for physical capital. Finally, to start the iteration on the law of motion of capital, the value of the initial capital stock k t−1 needs to be set. We will assume that the economy is in a steady-state equilibrium at the pre-initial Assuming q t−1 = 1 at s = t − 1 quarter, i.e. q t−1 takes its equilibrium value of 1. Since investment will be nil at this preinitial quarter, the relationship v t = k t q t implies that k t−1 = v t−1 . Because the recursion was shown to be insensitive to initial condition, this equilibrium assumption is not going to affect the behavior of the system in the long-run. In fact, the derivative of the capital stock in 1994 with respect to the initial condition is only 0.1 and dies to 0 soon after. It will be shown in the sensitivity analysis section that this assumption is inconsequential after the recursion runs for some quarters 6 . 
Data Description
The Canadian system of national accounts is made of three main accounts: the national income and expenditure account (NIEA), the financial flow accounts (FFA) and the national balance sheet accounts (NBSA). The FFA reports the flow of assets and liabilities that occur during a period while the NBSA reports the evolution of the stock of assets and liabilities overtime. The NBSA can be viewed as an aggregate account statement that merges all balance sheets of firms, for all sectors of the economy. The financial liabilities that are reported can be divided into three major categories: shares, bonds and other liabilities (loans and mortgages, short-term paper, trade payables, life insurance and pensions).
Until recently, the data on the aggregate value of financial instruments given by the NBSA was available only at book value. Since June 2004, Statistics Canada produces this data at market value. The data coverage starts in 1990 at quarterly frequency. This represents a 6 The focus throughout the text is on the period post 1994 given that the recursion is shown to be invariant to the initial capital level after 4 years. The results from 1990 and 1994 are therefore not as precise (see Figure 8 in the sensitivity analysis section.) major improvement in the reporting given that the discrepancy between the historical price of an asset and its current market value can be substantial, especially for equities and longterm financial assets. Figure 1 illustrates the difference in the size of shares and bonds when measured at book value versus at market value.
It is interesting to note that the balance sheet for the U.S. economy reports only equity at market value and leaves bonds at book value. Hall (2001) manipulates the stock of bonds at book value to obtain a series at market value. In the end, the two bonds' series evolve in the same way as those shown for Canada in Figure 1 . This cross-checking with an official statistical agency is reassuring and highlights that most of the variation in the market value of firms in the U.S. and in Canada is associated with equity.
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The market value of net financial claims (financial liabilities minus financial assets) is used as the measure of v t since the value of the ownership claims is a reflection of the installed capital inside the firm. Indeed, v t was defined as the present value of payouts to securities' holders. Assuming that investors are rational, it follows that the present value of payouts v t will equal the value of securities on the market. Since for all t, v t = q t k t , then the value of securities equals the value of the installed capital stock. bonds. This departure is mainly due to the availability of data.
Another way of understanding the equality of v t with net financial claims is to rearrange the usual accounting balance sheet of a firm, like the one illustrated in Table 2 8 . A firm's balance sheet stresses the distinction between assets and liabilities.
The modified accounting framework shown in Table 3 uses the equality of assets and liabilities to recast the balance sheet into financial assets versus non-financial assets with the result that the two must be equal. As Table 3 indicates, net financial liabilities serve as an estimate to the value of the firm's productive assets v t , for all t. Note that this balance sheet approach is an identity (accounting convention) while the equality between assets and liabilities under the q-theory of investment is an equilibrium condition.
When conducting the data analysis, the focus will be on the non-farm, non-financial corporate sector. This sector is chosen because it is the most amenable to fit the perfectly competitive framework of this paper. The removal of the farming sector aims to control for to focus on this sector is dictated by the fact that the farming sector, the non-corporate sector and the financial sector suffer from data quality problems. The use of the non-farm, non-financial corporate sector is not restrictive given that this sector owns around 90% of the non-residential fixed capital stock in the economy.
In terms of the needs of this study, the NBSA data suffers from two limitations. First, the data starts in the first quarter of 1990, limiting the determination of the capital stock to the period post-1990. Statistics Canada plans to publish NBSA tables at market value starting in 1970 at yearly frequency. Their release was planned for September 2006 but has been postponed sine die.
The second limitation relates to the composition of the equity data. The valuation of equity at market value in the NBSA is made difficult by the existence of two types of shares: listed (quoted) and unlisted (unquoted). Only listed shares have a market value while unlisted shares are evaluated at book value (Statistics Canada (2004) full description of data sources and data manipulations can also be found in the Appendix. Figure 2 shows the solution to the recursive system with the breakdown of the value of the installed capital v t into a shadow price q t , represented on the right axis, and an inferred stock of capital k t , represented on the left axis in log scale. The figure shows a smoothly increasing inferred capital stock in the economy from 1990 to 2006. The shadow price of capital is constantly above one, a finding that is representative of many calculations of the q in the literature 9 . Figure 3 shows the breakdown of the components of the aggregate value of firms. The difference between the value of securities v and the inferred quantity of capital is reflects the price q. The shadow price is the variable that absorbs all the volatility in securities values.
Results
The figure also uncovers the size of the unrecorded capital stock (intangibles) by subtracting the recorded capital stock in national income accounts from the inferred quantity of capital.
Note that there is a smooth pattern of increase of the stock of intangibles from 1992 to 2001.
9 See Laitner and Stolyarov (2003) and the references therein. (2001)).
The proportion of intangibles in the overall capital stock is smaller than the one found Belhocine (2008) found that the growth of the investment of firms in intangibles between 1998 and 2005 averaged 6.6% per year. On the other hand, backing out the investment in intangibles from the inferred stock of intangible capital documented above shows that the similar growth rate is equal to 7.15%. The absolute numbers are hard to compare because of the extreme volatility which characterizes the investment in intangibles that is backed out from the value of securities. However, the average yearly stock of intangible capital implied by the results of Belhocine (2008) for the period considered is about $365 billions 11 . This number is comparable to the average inferred stock of intangibles per year of $387 billions found in this paper. This cross-checking of the findings is reassuring.
Sensitivity Analysis
Three checks for robustness are conducted in this section. It is found that for a range of depreciation rates, starting values and adjustment costs parameters, the qualitative results pertaining to the behavior and to the relative size of intangible capital stock are unchanged.
The size of the stock of intangibles does naturally vary depending on the range of investment adjustment cost and depreciation rates considered.
Allowing for Different Adjustment Cost Parameters
First, the experiment of removing the asymmetry assumption in the adjustment cost parameters by allowing α − = α + = 8 is conducted. The quantity of intangibles and the corresponding q in the case of symmetry are superimposed on the values obtained with the baseline model. This result reflects the absence of negative net investment i.e., gross investment has always, at the very least, kept up with depreciation. In other words, no instances of decline in the firms' value have ever provoked discarding of capital. Therefore, the assumption on the relationship between the upward and the downward adjustment cost parameters is innocuous.
No studies were found for Canada that attempted to estimate the adjustment-cost parameter involved in increasing the amount of installed capital. In the baseline calibration exercise, the upward adjustment cost parameter was set to match the finding of Shapiro (1986) . Hall (2004) followed essentially the procedure in Shapiro (1986) , elaborating on the econometrics and using annual manufacturing industry data rather than aggregate data.
He found even smaller adjustment cost parameters, in the range reported by Cooper and Following these findings, lower adjustment costs were considered in the sensitivity analysis: adjustment costs of α + = 6 and α + = 4 corresponding respectively to an adjustment period of capital following a shock of a year and half and a year. The implications on the implied ratio of intangibles to tangible capital levels are shown in Figure 6 .
As the adjustment cost parameter decreases, the implied capital stock will increase given that the firm can now install capital at a lower cost. In particular, halving the adjustment time will increase the ratio of intangible capital stock to an average of 38% for the period considered. The high estimate that was assumed in setting α + = 8 is viewed appropriate at this stage of the evidence and research on intangibles. Indeed, little is known about the exact size of the stock of intangible capital and its relative size in the overall capital stock, which warrants a conservative approach. Further research will provide more guidance on this matter.
Allowing for Different Depreciation Rates
There is no information on the depreciation rate of intangible capital in general. However, estimates of the depreciation rate for R&D capital are available. The Bureau of Economic Statistics (1989) uses a rate of 10%. Adams (1990) calculated an annual depreciation rate for basic research of between 9% to 13%, while Nadiri and Prucha (1996) estimated a depreciation rate of 12% for industrial R&D. No similar work was found documenting such rates for Canada. Given that R&D was found to compose only 23% of the overall intangible capital stock, the depreciation rate to use for the overall intangible capital is not obvious.
Nevertheless, the depreciation rate was allowed to vary between 11% and 9% in accordance with the only evidence available that was just cited. With a depreciation rate of 11%, the ratio of intangible capital stock to the overall level of capital increases by 3 percentage points to a level of 32%. Increasing the depreciation rate lowers the inferred capital stock but lowers even more the physical capital stock which nets out to an increase in the intangible capital stock. With a depreciation rate of 9%, the intangible capital stock averages 25% of the overall capital stock. These bounds are shown in Figure 7 .
The form of the theoretical law of motion of the capital stock from the model does not allow the use of a different depreciation rate for the physical capital stock and the intangible capital. In light of what the aforementioned statistical agencies use, the physical depreciation rate of 10% applied implicitly on intangibles is ultimately a reasonable level to consider. 
Allowing for Different Initial Values
In the baseline calibration, the initial capital stock k t−1 was set to equal the level that prevails when the system is in equilibrium at t − 1. This corresponds to v t−1 or a level equal to $614 billion. Here, the initial capital stock is set to equal the recorded capital stock. In other words, we assume that at t − 1, the stock of intangibles is zero. The level of the recorded capital stock is now initially equal to $466 billion. Hence, the initial starting value is lower than in the baseline model. Figure 8 shows the implied intangible level of capital for both scenarios. We can see that despite the sizeable difference in starting values, the implied level of intangibles converges to a common value by 1996, with a similar and almost equal values starting in 1994. Hence, the pre-1994 downward trend in intangible levels is not accurate and the estimates are afterwards robust to the choice of a starting value.
Conclusion
In this paper, newly released Canadian data on the aggregate market value of all securities in the economy was used to calculate the size of the intangible capital stock. It was found that the stock of unrecorded capital was about 29% of the overall capital since 1994. This chapter provided a sense of how much national income accounts underestimated the stock of capital in times of a shift in the form of capital owned by businesses.
There are many promising avenues for future research. For example, it would be desirable to extend the model to account for differences that are inherent in the two capital goods. , "Measuring Factor Adjustment Costs," Quarterly Journal of Economics, 2004, 119 (3) , Statistics Canada does not collect data on the R&D expenditure incurred by the nonfarm, non-financial corporate sector. The closest data available for the needs of this study is the nominal R&D business entreprise expenditure (V617324) collected at yearly frequency.
To calculate the R&D investment of the non-farm, non-financial corporate sector, the relative investment amounts of this sector in the overall business investment was computed and used to scale the R&D expenditures data accordingly. The relative investment of the nonfarm, non-financial sector at each quarter was calculated by dividing the investment in fixed capital of the non-farm, non-financial corporate sector taken from the FFA (V34914) by the investment in fixed capital by all businesses (V498929) taken from the NIEA. Once the R&D portion of this sector was obtained, it was deflated by the same deflator used for the stock of recorded capital, at yearly basis. Finally, the stock of R&D capital was calculated using the perpetual inventory method 12 :
where R t is the stock of R&D at time t, I
R&D t is the investment flow in R&D at time t and δ is the depreciation rate set equal to 10%. The initial stock of R&D in 1963 was calculated using the formula obtained by backward recursive substitution of the above equation:
where g is the historical average growth rate of R&D expenditures. It is assumed that preceding the initial observation, there was a long period of constant investment growth in R&D of g which is set equal to the average growth rate for the period 1963-2005. In any case, the stock of R&D obtained in 1990 is not sensitive to these initial starting point assumptions given the small magnitude of investment in R&D in the early 60s.
